General Relativistic corrections in density-shear correlations by Ghosh, Basundhara et al.
Prepared for submission to JCAP
General Relativistic corrections in
density-shear correlations
Basundhara Ghosh, Ruth Durrer, Elena Sellentin
De´partement de Physique The´orique and Center for Astroparticle Physics,
Universite´ de Gene`ve, 24 quai Ernest Ansermet, 1211 Gene`ve 4, Switzerland
E-mail: basundhara.ghosh@unige.ch, ruth.durrer@unige.ch,
elena.sellentin@unige.ch
Abstract. We investigate the corrections which relativistic light-cone computations induce
on the correlation of the tangential shear with galaxy number counts, also known as galaxy-
galaxy lensing. The standard-approach to galaxy-galaxy lensing treats the number density
of sources in a foreground bin as observable, whereas it is in reality unobservable due to the
presence of relativistic corrections. We find that already in the redshift range covered by the
DES first year data, these currently neglected relativistic terms lead to a systematic correction
of up to 50% in the density-shear correlation function for the highest redshift bins. This
correction is dominated by the the fact that a redshift bin of number counts does not only lens
sources in a background bin, but is itself again lensed by all masses between the observer and
the counted source population. Relativistic corrections are currently ignored in the standard
galaxy-galaxy analyses, and the additional lensing of a counted source populations is only
included in the error budget (via the covariance matrix). At increasingly higher redshifts
and larger scales, these relativistic and lensing corrections become however increasingly more
important, and we here argue that it is then more efficient, and also cleaner, to account for
these corrections in the density-shear correlations.
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1 Introduction
Currently one of the most impressive success stories in cosmology is the highly accurate
observation and our detailed understanding of the cosmic microwave background (CMB),
its anisotropies and its polarisation, see e.g. [1–5]. As a cosmological community, we would
now like to repeat this success story at lower redshifts by using present and future galaxy
surveys. Contrary to the CMB which primarily comes from the two-dimensional surface of
last scattering, galaxy surveys are three-dimensional and therefore contain more, potentially
richer information. Especially by using tomography, i.e., by splitting a source population into
different redshift bins, we can study how cosmic structure formation proceeds and thereby
directly test the gravitational instability picture.
To repeat the CMB success story, it is important that we make optimal use of the
low-redshift data. Of course, the fact that clustering becomes non-linear on smaller scales
and late time as well as the influence of non-gravitational hydrodynamical effects and more,
render the interpretation of the data more difficult. The current standard-approach to model
these non-linearities is to translate a linear power spectrum to a non-linear power spectrum
by using ‘Halofit’ [6], and in this paper we shall adhere to this approach, noting however that
it only refers to the non-linear growth of scalar perturbations in Newtonian gravity. General
Relativistic N-body codes do exist and the agreement of the matter power spectrum from
relativistic simulations with Halofit is excellent [7].
The problem of galaxy formation depending on its environment is on an observational
level modeled by ‘biasing’: the observed galaxy density distribution δg is assumed to be
related to the underlying matter density distribution, δg = b(z)δ via some biasing function
b. When cosmological parameters are inferred, this bias function is treated as nuisance
parameters, and marginalized over. Another nuisance parameter in shear correlations is the
intrinsic alignment contribution to the shear signal. Also this is marginalized over. The free
parameters of these bias functions are likely to mimic, to some extent, the contribution from
relativistic effects which we study in this paper. However, since these effects are signals of
theoretical interest which can be calculated, marginalizing over them is suboptimal.
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In this paper we investigate the impact of general relativistic corrections on the corre-
lation between number counts in a foreground bin, and lensing in a background bin. Our
starting point is that it has lately been shown [8–11] that counting galaxies in a fixed solid
angle and redshift bin does not directly measure the galaxy over-density. The resulting count
is not only affected by redshift space distortions [12], but also enhanced or decreased by lens-
ing and magnification bias [13] and by large-scale relativistic effects. The relativistic effects
other than lensing are mainly relevant on very large scales where they can mimic a primordial
non-Gaussianity [14, 15]. Redshift space distortions are well known and are routinely used
to constrain the cosmic growth factor [16, 17].
In recent years it has been shown that also the lensing and magnification bias term is
considerable and will be measured in future galaxy clustering analyses [18]. Furthermore,
neglecting it can lead to misinterpretation of results from galaxy surveys, see, e.g. [19–21].
Also in this paper we investigate the effects of the lensing term. More precisely, we focus on
galaxy-galaxy lensing, where the tangential shear of background sources is correlated with
number counts in the foreground. We study how relativistic effects, and especially the lensing
term from projection, affect the correlation of galaxy density fluctuations with the tangential
shear. We find, that already in present surveys the effect can contribute up to 50% at high
redshift. That this term has to be included in the galaxy-galaxy lensing cross correlation is
of course not new. It has already been discussed ten years ago in Ref. [22] and subsequently
in several other papers. Nevertheless it is not included in present analyses. Here we present
a concrete case study to estimate the maximum size of the effect in recent surveys.
This paper is structured as follows: In the next section we derive the theoretical expres-
sions for the cross-correlation function between relativistically correct number counts and the
tangential shear, and its corresponding angular power spectrum in redshift space. In Sec-
tion 3 we present some numerical examples and discuss them. We show especially how the
recently published DES (Dark Energy Survey) first year results [23] could gain in precision
by including the lensing term directly into the signal of the number counts. In Section 4 we
conclude. We present a comprehensive derivation of the density-shear correlation function in
the full and flat sky in Appendix A.
2 Correlating number counts with shear measurements
Here we present the first order expression for the correlation between galaxy number counts
and the tangential shear. For completeness, a detailed derivation is presented in Appendix A,
where we also make the connection to results known from the literature.
In first order perturbation theory, the number of galaxies within a redshift bin dz and
a solid angle dΩ at observed redshift z, in observed direction n = n(ϑ, ϕ) is given by
N(z,n) = N¯(z)[1 + ∆(z,n,mlim)] (2.1)
where N¯(z) is the average spatial number density at redshift z, and where the observable
over-density is [10, 11, 14, 24]
∆(n, z,mlim) = b(z)δ +
1
H
[
Φ˙ + ∂2rV
]
+ (2− 5s)
[∫ r
0
dr˜
r
(Φ + Ψ)− κ
]
+ (fevo − 3)HV +
(5s− 2)Φ + Ψ +
(
H˙
H2 +
2− 5s
rH + 5s− fevo
)(
Ψ + ∂rV +
∫ r
0
dr˜(Φ˙ + Ψ˙)
)
.
(2.2)
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Here an overdot denotes a derivative with respect to conformal time, H is the conformal
Hubble parameter and r = r(z) is the comoving distance to redshift z. The peculiar velocity
is given by V , the velocity potential in longitudinal gauge, such that velocity components
are given by vi = −∂iV . The term δ is the matter density fluctuation in comoving gauge: on
small scales it reduces to the Newtonian density contrast, but it is by itself not observable,
even if the galaxy bias function b(z) were known. The quantities Φ and Ψ are the Bardeen
potentials. More details on Eq. (2.2) are given in [24] and [25].
Furthermore, denoting the angular Laplacian as ∆Ω, the convergence κ is given by the
angular Laplacian of the lensing potential, φ,
κ = −1
2
∆Ωφ , (2.3)
φ(n, z) = −
∫ r(z)
0
dr˜
r(z)− r˜
r(z)r˜
(Φ + Ψ)(r˜n, τ0 − r˜) . (2.4)
We denote the limiting luminosity by Llim. The evolution bias, fevo, captures the fact that
new galaxies form and galaxies merge as the Universe expands and hence their number density
evolves not simply as (1 + z)3; fevo depends on redshift and on Llim and is defined as
fevo(z, Llim) ≡
∂ ln
(
a3N¯(z, L > Llim)
)
∂ ln a
. (2.5)
Here N¯(z, L > Llim) is the background number density of galaxies with luminosity above
Llim and a = 1/(z + 1) is the cosmic scale factor. Finally, we introduce magnification bias:
due to magnification, less luminous galaxies still make it into our survey if they are in a
region of high magnification and vice versa. Denoting the limiting magnitude of the survey
mlim, the magnification bias is given by
s(z,mlim) ≡ ∂ log10 N¯(z, L > Llim)
∂m
∣∣∣∣
mlim
. (2.6)
The redshift dependence of this quantity depends on the specific survey. Only if we see all
galaxies of a considered type, i.e. if the survey is complete, we have s = 0. Note that s nearly
always enters in the combination 5s− 2. This is the factor which multiplies the fluctuations
of the angular diameter (area) distance [26], δDA(z) which contributes twofold: it leads to
an increase in the transversal volume (area) and hence to a decrease in the density; this is
the term −2. But it also increases the observed brightness in sources of a given luminosity
and can bring them into an incomplete survey, enhancing the density; this is the term +5s
which is also called magnification bias. In the combination (5s− 2)κ we shall call them here
the “lensing contribution” to the actually observable ∆(n, z).
In Appendix A we derive the following expression for the correlation function between
the observable galaxy number count ∆ and the tangential shear γt
〈∆(n, z)γt(n′, z′)〉 = −1
4pi
∑
`
2`+ 1
`(`+ 1)
P` 2(n · n′)C∆,κ` (z, z′) . (2.7)
Here, P`m(µ) is the Legendre polynomial of degree ` and order m, and C
∆,κ
` (z, z
′) is the angu-
lar power spectrum of the correlation between ∆ and κ. We split it into its correlation with
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the not-directly observable density contrast (‘δ’), augmented by redshift space distortions
(‘rsd’), by the convergence κ and by large scale relativistic effects (‘ls’)
C∆,κ` (z, z
′) = b(z)Cδ,κ` (z, z
′) + Crsd, κ` (z, z
′)− (2− 5s(z))Cκ,κ` (z, z′) + C ls, κ` (z, z′) . (2.8)
Here, Crsd,κ` denotes the correlation of κ with the redshift space distortion (rsd) term caused
by ∂2rV , while C
ls,κ
` denotes its correlation with all the remaining relativistic terms which are
relevant mainly on very large scales. They also include the so-called Doppler term ∝ ∂rV
which is strictly speaking not relativistic but also only relevant on large scales. The lensing
term −(2 − 5s(z))Cκ,κ` and the large scale corrections, C ls, κ` , apart from the Doppler term
are due to General Relativity and we call them ‘General Relativistic corrections’. We shall
see that on intermediate and small scales, ` > 20, the lensing term by far dominates these
corrections to the number density.
In standard analyses, which includes the DES analysis, only the term Cδ,κ` (z, z
′) is
considered. The main point of this paper is to show that this introduces systematic deviations
in the signal and that in particular the lensing of the number densities in the foreground bin
cannot be neglected. In the next section we compute all the terms for several examples and we
show that only the Cκ,κ` (z, z
′) term is a relevant correction for present and near future galaxy
clustering surveys. Redshift space distortions are always much smaller and the relativistic
terms contribute only on very large scales, ` < 10, where cosmic variance is significant and
which are not accessed in the DES survey.
3 Numerical Examples
In this section we present changes in the signal for numerical evaluations of the above rela-
tivistic contributions for the standard ΛCDM cosmology. We use the public code class [27,
28] which has been expanded to include the relativistic contributions to galaxy number
counts [25]. We assume purely scalar perturbations with cosmological parameters of the
Planck-2015 results [2]. More precisely, we set the Hubble parameter H0 = 67.556 km s
−1
Mpc−1, the baryon density parameter Ωbh2 = 0.022032, the cold dark matter density param-
eter Ωcdmh
2 = 0.12038, the curvature K = 0, the number of neutrino species Nν = 3.046 and
the neutrino masses are neglected. We set the galaxy bias to unity, b(z) = 1, and assume a
complete survey, s = 0, for our analysis.
We first present results for a mock survey which mimics the redshift binning of the
first year DES observations. A similar analysis with somewhat smaller sky coverage has also
been published by KiDS (Kilo Degree survey) [29]. In contrast to DES, we assume however
full-sky coverage since our interest also includes the very low multipoles where relativistic
effects leave noticeable traces.
In this paper we do not want to exactly determine the contribution to the DES corre-
lation functions and error budget from our terms, we just want to give the correct order of
magnitude. Clearly, since this is a systematic effect which is easy to model, it would be more
useful to add it to the data than to just include it in the error budget.
Furthermore, if 2−5s(z) > 0, which is true in observed volumes where a survey reaches
near completeness, then the Cκ,κ` contribution is negative as is C
δ,κ
` so that |Cδ,κ` − 2Cκ,κ` | >
|Cδ,κ` |.
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3.1 A generic survey with DES-like redshift binning
The DES collaboration has presented first year data on the cross-correlation of galaxy clus-
tering and lensing [23]. This analysis uses five galaxy redshift bins in the foreground
(abbreviated by ‘f’) with width ∆z = 0.15. These foreground populations are correlated
with four tangential shear redshift bins in the background, (abbreviated by ‘b’) with widths
∆z = 0.23, 0.2, 0.27 and 0.23 respectively. The mean redshifts of these bins are given by
zf1 = 0.225 zf2 = 0.375 zf3 = 0.525 zf4 = 0.675 zf5 = 0.825 (3.1)
zb1 = 0.315 zb2 = 0.53 zb3 = 0.765 zb4 = 1.1 (3.2)
In order to establish whether relativistic corrections have a noticeable impact on current
surveys, we model a generic DES-like survey by using the above redshifts for centers of
Gaussian redshift bins with the corresponding widths. If relativistic effects have a noticeable
impact, then the correlations Cδ,κ` (zfi, zbj), where only δ-terms are included, deviate from
the correlations C∆,κ` (zfi, zbj), where also the relativistic terms are included.
We have thus calculated the contribution of Cδ,κ` (zfi, zbj) in C
∆,κ
` (zfi, zbj) for all zfi <
zbj . In Fig. 1 we show the full relative difference (C
∆,κ
` − Cδ,κ` )/C∆,κ` , whereas in Fig. 2 we
show the relative contribution 2Cκ,κ` /C
∆,κ
` from the convergence κ alone.
As it can be seen in the top panel of Fig. 1, for the lowest foreground bin, the subdomi-
nant terms apart from δ (as seen in Eq. 2.8) contribute up to 1.5% to the total on large scales
( ` > 20). The scales accessible to the DES 1st year survey correspond to ` > 50, where the
contribution of the subdominant terms is small, around 1-1.5%. For `
>∼ 40, lower redshift
lensing bins which are closer to the foreground source always dominate while for ` < 40 this
is no longer so. For very wide angles the relativistic effects which increase for larger redshifts
contribute significantly.
In the bottom panel we show the relative contribution from the ‘subdominant’ terms
for the highest background bin and all forground bins. Of course this is a monotonically
increasing function of the foreground redshift. It rises up to 50% for ` > 50 which contribute
to the DES results. Clearly, these contributions cannot be neglected. Note that the results
obtained in the top and bottom panel of Fig. 1 have been obtained using ‘Halofit’ [6] for
the density power spectrum. This is relevant above ` ∼ 50 as is shown in the middle panel
where the results with (dashed) and without (solid) Halofit are compared for two redshift
bin combinations.
In Fig. 2 we now show simply −2Cκ,κ` /C∆,κ` . We have verified that for `
>∼ 50 this is
virtually identical to (C∆,κ` − Cδ,κ` )/C∆,κ` , hence all the difference is actually due to lensing.
It ranges from a mere 1% for the lowest foreground bin to more than 50% for the highest
one, which assures us that the contribution will increase further with the higher redshift bins
of future surveys (see also Fig. 4). At low ` the lensing contribution alone does not explain
all the signal and redshift space distortions and relativistic effects can become significant.
In Fig. 3, we show and compare the different contributions, with the total galaxy number
count signal shown in black. This is done only for the highest redshift bins, zf5 and zb4,
since the differences are most prominent in this case. While we see that the redshift space
distortions and other relativistic effects have comparatively small contributions, the one due
to lensing is definitely important, it is in fact larger than the density term at very large
scales, ` < 10. For lower redshifts, the lensing term is smaller and we have found that at low
` redshift space distortions and relativistic effects cannot be neglected.
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For a comparison with the DES first year results only the C`’s with ` > 50 are relevant,
since the sky coverage of the DES first year is about 1/30th of the full sky.
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Figure 1: The top and middle panels show the relative contribution of all terms apart from δ
for the cross-correlations between the lowest foreground bin and second highest foreground bin
denoted here by [f1] and [f4] respectively, with the higher background bins. This is expressed
in terms of the relative difference in angular power spectra of the mentioned contributions.
The bottom one is for all foreground bins correlated with the highest background [b4]. HF
stands for Halofit. DES results are only sensitive to the values of ` above the vertical red line
at ` = 50. The signals are all negative, and hence the vertical axis is written with a negative
sign.
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Figure 2: The same as in Fig. 1 but here C∆,κ` − Cδ,κ` is replaced by −2Cκ,κ` .
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Figure 3: This figure compares the different contributions to the number count shear cross-
correlation, always using Halofit. The black line represents the total galaxy number counts–
tangential shear correlation, the magenta, green, blue and orange ones are for the density,
κ, redshift space distortion and large scale relativistic effects respectively. The dashed lines
indicate negative signals.
3.2 Future surveys and higher redshifts
As our numerical examples illustrate, the impact of especially lensing on the number counts
increases with redshift. Future surveys like Euclid [30–32], LSST (Large Synoptic Survey
Telescope) [33, 34] or SKA (Square Kilometer Array) [35, 36] will go to higher redshifts
than the here modeled DES-like redshift binning, and it will be even more important to take
lensing effects on the number counts into consideration. In the case of SKA, the lensing term
is of course absent for intensity maps [37] but present for number counts. As an example, in
Fig. 4, we show the situation for two cases: zf = 1.0, zb = 1.5 and zf = 1.5, zb = 2.0. In
both cases, the κ− κ contribution is seen to be identical to the full difference (C∆,κ` −Cδ,κ` ),
and is therefore evidently the most significant effect.
4 Conclusion
Galaxy surveys are these days analyzed via mainly two approaches, one of which is to inves-
tigate galaxy clustering and one is to detect gravitational shear, also known as gravitational
lensing. It has recently become popular to cross-correlate these two observations, such that
the correlations between the number density in a foreground bin, and the shear in a back-
ground bin are measured. In a relativistic framework, galaxy catalogues do however not
measure purely the density δ but the combination ∆ of density, redshift space distortions,
lensing and large scale relativistic terms as given in Eq. (2.2). We have investigated this issue
in this paper.
The number density of sources in a foreground bin is, in a relativistic setting, not a direct
observable. Most prominently, the number density is affected by redshift space distortions
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Figure 4: The top and bottom panels show the relative difference of the full number counts
which include relativistic corrections, and the contribution from only δ to the number count-
tangential shear correlation (orange for linear and green for Halofit). The contribution of
lensing κ alone is also shown (black for linear and magenta for Halofit). For large ` the full
difference and the κ− κ term are identical while at low ` there is no difference between the
linear perturbation theory result and Halofit. We consider the cases zf = 1.0 and zb = 1.5,
and zf = 1.5 and zb = 2.0 respectively. The dashed lines in the bottom panel indicate
negative signals. The spikes are due to sign changes.
and by lensing itself, but also by the large scale relativistic effects and the Doppler term.
These introduce additional correlations with a lensing bin in the background. Owing to
these extra-correlations, it is not ideal to simply ‘combine probes’ as is frequently done, and
to compute a joint covariance matrix for lensing, galaxy counts and galaxy-galaxy lensing.
Rather, the relativistic corrections in the number counts should be directly accounted for
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as signal. In this paper we have shown that for a DES-like redshift binning, this can lead
to a 50% correction of the signal in the density-tangential shear correlation function of the
highest redshift bin. For the lowest redshift bin, the correction due to relativistic effects is
1.5%. This contribution systematically enhances the correlation ∆-κ. In our treatment we
have set s = 0 which is probably not a very good approximation especially for the highest
redshift bins. Including the correct value for s(z) (which we do not know) will reduce the
correction somewhat.
Not including the relativistic effects in the signal, but computing a joint covariance
matrix and marginalizing over galaxy bias parameters, will hide the relativistic corrections
in the error bars and in the marginalized biases. This is a sub-optimal procedure from a
theoretical perspective, as galaxy clustering already occurs in Newtonian gravity, but the
here discussed relativistic effects are a signal of General Relativity, and hence contribute to
our physical understanding of the Universe. For future surveys with decreasing errors and
higher redshifts, not hiding these effects in the error bars will also be important in order
to reach the targeted percent accuracy on cosmological parameters. With increasing sky
coverage and redshift, the relativistic effects can even dominate the cross-correlation on large
angular scales.
Note also, that the claim that lensing be relevant only on very small scales is simply
not correct. Its relative contribution to the the total number-count-tangential shear power
spectrum is nearly constant from ` ∼ 50 to ` = 2000 with a wide hump around ` ∼ 700. The
increase of lensing at smaller scales is therefore similar to the one of density fluctuations.
The goal of this brief and simple study is not a detailed signal to noise analysis of the
effect in the DES data. It is possible that in the highest redshift bin the density-tangential
shear cross correlation in the first-year analysis of the DES data is systematically biased by a
factor of more than 50% so that our correction would be smaller than the error. We also have
not analysed how neglecting lensing in these cross-correlations propagates into the parameter
estimation from DES. This would require a more detailed study taking into account also the
number count spectra where lensing also is not considered in the present DES data analysis.
Nevertheless, we think such a large effect has to be at least discussed and, as we show here,
it is relatively easy to include it. A more detailed signal to noise analysis of the effect in the
DES data is left for a future work, maybe in collaboration with DES.
Finally, we want to stress that including the κ − κ term in the analysis is not only
necessary but also very fruitful. This term is sensitive to the lensing potential and it contains
additional information which we can use, e.g., to test modified gravity models, see [38].
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A Deriving the correlation function for number counts and tangential
shear
In this appendix we derive the correlation between density number counts and the tangential
shear and we make contact with the formulas usually found in the literature.
A.1 Full Sky
We consider the correlation between the galaxy number density in direction n at redshift z,
∆(n, z) and the tangential shear at (n′, z′) perpendicular to n′ in direction e which points
from n′ towards n, see Fig. 5. The 2 × 2 shear tensor γab is given in terms of the lensing
Figure 5: Notation for the correlation between the galaxy number density fluctuation
∆(n, z) and the tangential shear γt(n
′, z′) in direction e.
potential φ by
γab(n
′, z′) = −(∇a∇b − 1
2
δab∆Ω)φ (A.1)
γt(n
′, z′) = γab(n′, z′)eaeb , (A.2)
where δab is the 2× 2 identity matrix, ∇a is the covariant derivative on the sphere and e is
the tangent vector on the sphere pointing from n′ to n. We expand the fields ∆ and φ in
spherical harmonics,
φ(n′, z′) =
∑
`,m
aφ`m(z
′)Y`m(n′) (A.3)
∆(n, z) =
∑
`,m
a∆`m(z)Y`m(n) . (A.4)
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Without loss of generality we may choose n = ez in z−direction and e = −eϑ in −ϑ-direction.
Using that Y`m(ez) = δm0
√
2`+1
4pi we then obtain
〈∆(n, z)γt(n′, z′)〉 = −
∑
`,m,`′,m′
〈a∆ ∗`m (z)aφ`′m′(z′)〉Y ∗`m(ez)
(
∇ϑ∇ϑ − 1
2
∆Ω
)
Y`′m′(n
′)
= −
∑
`
C∆,φ` (z, z
′)
√
2`+ 1
4pi
(
∇ϑ∇ϑ − 1
2
∆Ω
)
Y`0(n
′) . (A.5)
Here we assumed that the fluctuations ∆ and φ are statistically isotropic such that
〈a∆ ∗`m (z)aφ`′m′(z′)〉 = C∆,φ` (z, z′)δ`,`′δm,m′ . (A.6)
Next we use the spin raising and spin lowering operators (see [5], Appendix 4 for details) to
write the covariant derivative ∇ϑ = 12( /∂ + /∂∗) and ∆Ω = 12( /∂ /∂∗ + /∂∗ /∂) so that
∇ϑ∇ϑ − 1
2
∆Ω =
1
4
(
/∂2 + /∂∗ 2
)
Now in terms of µ = cosϑ′ for a function (spin s = 0) which does not depend on ϕ we find
(again, details are found in [5], Appendix 4)
/∂2f(µ) = /∂∗ 2f(µ) = (1− µ2)f ′′(µ) .
Inserting this in Y`0(n
′) =
√
2`+1
4pi P`(µ) we obtain
1
4
(
/∂2 + /∂∗ 2
)
Y`0(n
′) =
1
2
√
2`+ 1
4pi
(1− µ2)P ′′` (µ)
=
1
2
√
2`+ 1
4pi
P` 2(µ) .
Here P` 2 is the associated Legendre function of order 2 (see [39] and [5], Appendix 4 for
details). Inserting this in (A.6) we obtain
〈∆(n, z)γt(n′, z′)〉 = −1
8pi
∑
`
C∆,φ` (z, z
′)(2`+ 1)P` 2(cosϑ′) (A.7)
=
−1
4pi
∑
`
C∆,κ` (z, z
′)
2`+ 1
`(`+ 1)
P` 2(n · n′) , (A.8)
where we have used that aκ`m = (` + 1)`a
φ
`m/2. This result implies that the corresponding
correlation spectrum is
C∆,γt` (z, z
′) = −C∆,κ` (z, z′) . (A.9)
The angular dependence via P` 2(n · n′), is a consequence of the fact that we are correlat-
ing the 2-tensor γab with a scalar quantity, hence the corresponding correlation function
〈∆(n, z)γt(n′, z′)〉 transforms like a tensor under rotations around n′.
This remains true for the correlation of an arbitrary scalar quantityA with the tangential
shear which is therefore given by (A.8) replacing C∆,κ` (z, z
′) by CA,κ` (z, z
′). Note also that
the normalisation scales with ` as expected since∫ 1
−1
P` s(µ)P`′ s(µ)dµ =
2
2`+ 1
(`+ s)!
(`− s)!δ`,`′ .
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A.2 Flat sky
Usually the above equation is derived somewhat differently in the flat sky approximation.
This is largely sufficient if one considers relatively small sky patches as e.g. the DES year-1
data with their ≈1300 square degrees. In flat sky ` is a 2d vector, the Fourier transform
variable of the sky position x which is dimensionless. The spherical harmonics are then
replaced by Y`m → 12pi exp(i` · x), /∂ = −∂1 + i∂2 and /∂∗ = −∂1 − i∂2. One can obtain the
flat sky result of the above equation directly by using the flat sky versions of /∂ and /∂∗. This
yields
1
2
( /∂2 + /∂∗ 2)Y`m → − `
2
4pi
(
cos2 ϕ− sin2 ϕ) ei`·x = `2
2pi
(
1
2
− cos2 ϕ
)
ei`·x (A.10)
Statistical isotropy in the flat sky yields
〈∆∗(`, z)φ(`′, z′)〉 = δ2(`− `′)C∆,φ` (z, z′),
and the convergence is given by κ(`) = `
2
2 φ(`). Note that correctly speaking we consider two
flat skies, one at redshift z where the foreground galaxies lie and one at redshift z′ where we
measure the shear of the background galaxies.
Using cosϕ = `′ · e/`′, (A.10) leads to
γt(x, z
′) =
1
2pi
∫
d2`′
(
(`′ · e)2 − 1
2
`′2
)
e−i`
′·xφ(`′, z′), (A.11)
so that we obtain for the correlation function
〈∆(y, z)γt(x, z′)〉 = 2
(2pi)2
∫
d2`
(
(ˆ` · e)2 − 1
2
)
eir`·eC∆,κ` (z, z
′) . (A.12)
In the last line we set ˆ` = `/` and we have used statistical isotropy and κ(`) = `2φ(`)/2.
The angular integration gives∫ 2pi
0
(
cos2 ϕ− 1
2
)
eir` cos(ϕ)dϕ = −piJ2(r`) , (A.13)
where J2 is the Bessel function [39] of order 2. With this we find
〈∆(x, z)γt(x+ r, z′)〉 = − 1
2pi
∫ ∞
0
`d`J2(`r)C
∆,κ
` (z, z
′) . (A.14)
To make contact with the formulas found in the literature, e.g. in [23], we consider a distribu-
tion nf (z) of foreground galaxies and a distribution nb(z
′) of background shear measurements.
Integrating over these distributions and using that a foreground galaxy at z only shears a
background one at z′ for z < z′, we obtain
〈∆(f)(x)γ(b)t (x+ r)〉 =
−1
2pi
∫ ∞
0
dznf (z)
∫ ∞
z
dz′nb(z′)
∫ ∞
0
`d`J2(`r)C
∆,κ
` (z, z
′) . (A.15)
The difference of this expression from the one usually used in the literature is that there
the approximation C∆,κ` (z, z
′) ∼ Cδ,κ` (z, z′) is used, i.e. it is assumed the number density of
foreground objects is (modulo a bias factor) given by the underlying density δ. One can
– 14 –
then express the shear power spectrum as an integral over the gravitational potential which
is related to the density by the Poisson equation. Using the Limber approximation one can
write the result as an integral over the dimensionless power spectrum in k-space. This leads
after some standard manipulations to
〈δγt〉(θ) = 3ΩmH
2
0
2
∫ ∞
0
`d`
2pi
J2(`θ)
∫ ∞
0
dznf (z)
∫ ∞
z
dz′nb(z′)
r(z)(r(z′)− r(z))
r(z′)H(z)
P
(
`+ 1/2
r(z)
, z
)
.
(A.16)
This is the expression found, e.g., in [23] where for nf (z) and nb(z
′) we have to consider
the distribution of foreground respectively background galaxies in the different redshift bins.
Here, P is the (dimensionless) Fourier space density fluctuations spectrum, and in our nu-
merical applications we have used Halofit [6] to model its non-linearities.
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